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Abstract 

We initiate the study of 1/2 BPS Wilson loops in W = 4 Chern-Simons-matter theories in 
three dimensions. We consider a circular or linear quiver with Chern-Simons levels k, —k 
and 0, and focus on loops preserving one of the two SU{2) subgroups of the if-symmetry. 
In the cases with no vanishing Chern-Simons levels, we find a pair of Wilson loops for each 
pair of adjacent nodes on the quiver connected by a hypermultiplet (nodes connected by 
twisted hypermultiplets have Wilson loops preserving another set of supercharges). We 
expect this classical pairwise degeneracy to be lifted by quantum corrections. In the case 
with nodes with vanishing Chern-Simons terms connected by twisted hypermultiplets, 
we find that the usual 1/4 BPS Wilson loops are automatically enlarged to 1/2 BPS, as 
happens also in 3-dimensional Yang-Mills theory. When the nodes with vanishing Chern- 
Simons levels are connected by untwisted hypermultiplets, we do not hnd any Wilson 
loops coupling to those nodes which are classically invariant. Rather, we find several loops 
whose supersymmetry variation, while non zero, vanishes in any correlation function, so 
is weakly zero. We expect only one linear combination of those Wilson loops to remain 
BPS when quantum corrections are included. We analyze the M-theory duals of those 
Wilson loops and comment on their degeneracy. We also show that these Wilson loops 
are cohomologically equivalent to certain 1/4 BPS Wilson loops whose expectation value 
can be evaluated by the appropriate localized matrix model. 
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1 Introduction 

It is by now a widely substantiated fact that BPS Wilson loops provide a powerful probe of 
supersymmetric gauge theories. While Wilson loops in general enable us to study gauge theories 
and their phases, the BPS ones are particularly interesting as they also allow to perform exact 
calculations, via localization [T]. The prototypical example of such operators is the 1/2 BPS 
Wilson loop of A/" = 4 super Yang-Mills (SYM) theory in four dimensions, which is defined in 
terms of a gauge connection augmented by a scalar coupling O|3lll] . In the case of the circular 
geometry, this is evaluated by the Gaussian matrix model EE]. The same is true for a much 
larger class of theories with M = 2 supersymmetry, where again a scalar coupling allows to 
turn the loop for any gauge group in a quiver gauge theory (or a theory of class S) to be BPS 
and they provide rich probes of the theory [I101H119]. 
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In three dimensions the story is quite similar, if we consider Chern-Simons (CS) theories 
with M = 2 supersymmetry. The 1/2 BPS Wilson loops there again involve a coupling to a 
scalar from the vector multiplet [10] and can be evaluated by localization to a matrix model 
HI]- The same is true for Yang-Mills theories with = 4 supersymmetry [T2]. Things 
are however more complicated when considering Chern-Simons theories with more extended 
supersymmetry. In the ABJ(M) theory [I3[[T3], which has J\f = 6 supersymmetries, the loops 
with only scalar couplings turn out to be only 1/6 BPS [151 UHl E], while the 1/2 BPS ones 
require a much more complicated structure, involving couplings to both gauge groups and the 
inclusion of fermionic terms [H] • Technically, the proof of supersymmetry invariance for those 
1/2 BPS loops becomes more complicated, since the connection itself is not invariant under the 
supersymmetry variations, but gives a total derivative which needs to be integrated along the 
Wilson loops. 

In this paper, we initiate the study of 1/2 BPS Wilson loops in theories with Chern-Simons 
couplings and W = 4 supersymmetry. The case of CS theories with J\f = 3 supersymmetry was 
already studied in [19], where it was found that the only supersymmetric loops are 1/3 BPS. 
The structure of A/" = 4 theories is much more restrictive and we may hope that there could be 
1/2 BPS loops. Indeed we shall present an embarrassingly large number of Wilson loops that 
seem to be 1/2 BPS and will discuss how this degeneracy may be lifted. 

Before outlining the results, we proceed by specifying the theories analyzed in this paper. 

1.1 The theories 

The hrst A/" = 4 super conformal Chern-Simons-matter theories in three dimensions were con¬ 
structed in [20]. These were generalized in [21] by the inclusion of “twisted” hypermultiplets 
and further generalized in [22], whose notations we mainly use, see Appendix l^for details. The 
theories we consider are circular or linear quivers with U{Nj) gauge group nodes. Adjacent 
nodes can be connected by bifundamental helds which are either hypermultiplets or twisted 
hypermultiplets. We assume that there are p hypermultiplets and q twisted hypermultiplets. 
A circular quiver has then p + q nodes, while a linear quiver has p + q + 1 nodes. The super- 
symmetry enhancement of these extended theories was studied in [23] and, in particular, it was 
shown that ABJ(M) lies in this class of theories. 

The vector multiplets associated to the nodes with vanishing CS levels may be integrated 
out to obtain a non-linear theory [23]. We do not adopt this approach and work with the UV 
description. 

We label our nodes by the index I, so the vector held is The gaugino and auxiliary 

scalar (in AA = 2 language) are A(/) and (p(/), though we will integrate them out for nodes 
with non-vanishing CS levels. The hypermultiplets in the bifundamental representation of 
nodes / and / -|- 1 have a scalar q^j-^ and fermion They are doublets of the SU{2)a and 

SU{2)b subgroups of the S'0(4) = SU{2)a x SU{2)b /^-symmetry group and are indicated 
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by underlined and overlined indices, respectively. The same multiplet includes also q[i)A 
. The held content of the twisted hypermultiplets is obtained by exchanging underlined and 
overlined indices. 

The CS level of the node, kj, is hxed by the condition 

k 

kj = —(s/ — s/+i), Si 

where s/ = 1 for a hypermultiplet at the link and s/ 

With these conditions, it is apparent that kj G {/c, —/c, 0} 

1.2 The Wilson loops 

The theories we study have an S'0(4) = SU{2)a x SU{2)b /^-symmetry. We shall look for 
Wilson loops which preserve the SU{2)a subgroup. There will be other Wilson loops which 
preserve the SU{2)b subgroup, of course. Those can be studied by replacing the theory with 
another one where all hypermultiplets are exchanged with twisted hypermultiplets and vice- 
versa. 

To be specihc, we choose to preserve the supersymmetries generated by the four parameters 
(see the supersymmetry transformations in Appendix 

« 2 . ^ = 1 . 2 . ( 1 . 2 ) 

The Wilson loops preserving those supercharges are straight lines in Euclidean space and will 
also preserve four super conformal generators. In Section [3] we write down circular loops, which 
preserve eight linear combinations of the Poincare and conformal supersymmetries, but will 
also preserve SU{2)a- 

An important point about the supersymmetries in fll.2p is that there is a pairwise symmetry 
under exchange of chirality ± and SU{2)b index X, 2. The construction of the Wilson loops 
below mirrors that in ABJM theory and includes fermions from the hypermultiplet, which carry 
the same type of indices. Hence the choice of fermionic coupling in the Wilson loops breaks this 
pairwise symmetry and consequently we hnd a pairwise degeneracy in all our constructions. 
We refer to those below as the “■^i-loops” and “V’ 2 -loops”, reflecting the SU{2)b label of the 
fermionic coupling. 

There are several different cases of loops, the details of which are presented in the next 
section, but most possess this degeneracy. We do not see a trace of this degeneracy in M- 
theory and we expect it to be lifted by quantum corrections. We discuss this in some more 
detail in the discussion section. 

The paper is organized as follows. In the next section we present the construction of the 1/2 
BPS Wilson loops. We start with the case of segments of the quiver with alternating k, —k CS 

^We adopt the convention that in quiver diagrams / increases from left to right. 


= ±i, (1.1) 

= —1 for a twisted hypermultiplet!/] 
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levels. We then consider linear qnivers, by removing a hypermultiplet or twisted hypermnltiplet 
from a circular quiver. Finally, we consider the cases of segments of the quiver with vanishing 


CS levels. In Section |3] we study the case of the circular Wilson loop. In Section 0] we discuss 
how to calculate those Wilson loops using localization. The main point is that all those Wilson 


loops for quivers with alternating CS levels are classically cohomologically equivalent to 1/4 
BPS loops, which can be evaluated in the matrix models of these theories. We expect, though, 
that this analysis receives quantum corrections and only a certain linear combination of those 


Wilson loops will be in fact quantum mechanically equivalent to the 1/4 BPS loops. For 


segments of the quiver comprising successive hypermultiplets, we have been able to show only 
for one of our proposed BPS loops that it is cohomologically equivalent to a 1/4 BPS loop. The 
situation with the other possible BPS Wilson loops supported on this part of the quiver the 
situation is not clear. In Section |5] we discuss the M2-brane duals of these Wilson loops and 
comment on their degeneracies. We hnally conclude with a discussion of the many remaining 
questions left open. The notations and some technicalities are relegated to appendices. 

During the course of our work, a manuscript addressing the same question has appeared [25] . 
This prompted us to present the rich class of observables we have found, leaving their further 
study to the future. The Wilson loop found in [25] is one of those presented below for the 
particular theories which are orbifolds of ABJM. To be specihc, it is the loop coupling to V’l 
and in a representation of all of the nodes of the quiver. 

2 Infinite straight line 

Wilson loops are traditionally defined as the holonomy of the gauge connection. It was however 
found in [18] that the 1/2 BPS Wilson loops in ABJ(M) theory must be expressed in terms of 
the holonomy of a superconnection £, with modihed connections for the two U{Ni) and U{N 2 ) 
vector multiplets on the diagonal blocks and bifundamental Fermi fields in the off-diagonal 
blocks. The Wilson loop is then 



( 2 . 1 ) 


where 7?. is a representation of the supergroup 17(A^i|A^2)- 

The supersymmetry variation of the superconnection does not vanish, rather it is a total 
differential. In [2S] this was expressed in terms of a supercovariant derivative of a supermatrix 
valued in the superalgebra, i.e., 


6C = DrG = drG - i{£, G]. 


( 2 . 2 ) 


This is enough to guarantee that the Wilson loop is invariant under the corresponding super- 
symmetries. One must furthermore ensure that the trace is such that the boundary terms from 
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integrating this term cancel each other. Our construction below of 1/2 BPS loops in = 4 
theories will be based on similar principles. 

In this section, we start by considering an infinite spacelike line in the x^-direction in 
parametrized by 

= T, = 0 . (2.3) 


2.1 Alternating CS levels 

The theories we consider have a number of vector multiplets coupled by p hypermultiplets and q 
twisted hypermultiplets forming a circular or linear quiver. We study different possible sections 
of the quiver and find the Wilson loops supported on the relevant nodes. 

We start by considering a segment of the quiver of the form 





where a solid link corresponds to a hypermultiplet and a dashed link to a twisted hypermultiplet. 
Each node represents a U{Ni) vector multiplet with Chern-Simons level kj indicated above. 

We begin by considering the variation of the gauge connection of the hrst node. Before 
proceeding, we define following [22], the useful bilinears 

^{I) = ^{I) = Q(l)A(ltl) , 

{P'{I))^B = — 2^^ b{.^(I))^ C 1 

= \/2g(^)V;g“ - \/2e^^e^V'(/)D9(7)c , i(1f“ = ~ ■ 

(2.4) 

The currents j and j are descendents of the moment maps p and p. 

The variation with supersymmetry parameters fll.21) is (see Appendix 

(dd)+ - A)+) - /a (j'd)- - A)-) ■ (2.5) 

In CS-matter theories, it is natural to allow for a bilinear of the scalars in the connection cni 
HailSllITllIH]. The variation of the moment map fl2.4p associated to the twisted hypermultiplet 
on the left is 

( 2 . 6 ) 

We can eliminate all the terms in the variation of A(i) fl2.5p that depend on the twisted hyper¬ 
multiplets by taking the linear combination 
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A \ 

A(i)i - -^(h(o)) 


1 

“1 



(2.7) 
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Since jl is traceless, this is the same as adding x(/^(o))\- 

We can also include terms from the scalars in the untwisted hypermultiplets. A term pro¬ 
portional to their moment map will lead to a connection invariant under half of the supercharges 
in fll. 2 p . that is a 1/4 BPS Wilson loop. But our choice of of supersymmetries fll. 2 p distinguish 
between the twisted and untwisted fields. So for the untwisted fields consider the variation of 

V 


= i\f2 • ( 2 - 8 ) 


This does not package nicely in terms of the currents, so let us also expand fl2.7|) in terms of 
the component helds 


A 


( 1)1 


XI ' 

1/^(0) ri 


k 


(2.9) 






ABA2t- 


We see that we have all the same terms in those two expressions, but with different signs. We 
can therefore add or subtract i/(i) from the gauge connection and reduce the variation to just 
two terms 


2'X % 

"4(1)1 “ ■^(/^(0))4i- -^^{ 1 ) 


2\/2 r 
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2\/2 




( 2 . 10 a) 

( 2 . 10 b) 


In each case we hnd a non-vanishing variation, which we will have to cancel by considering 
a superconnection, with fermionic couplings either i/p).,. and for the first sign choice, or 

and ' 0 ( 1 ) 2 + in the second case. We refer in the following to the two respective loops as 
“ 01 -loops” and “ 02 -loops”. 


2.1.1 The 01-loop 

Thus, following [TSl [22], we try introducing a super-connect ion whose top left block is given 
by fl2.10ap . On dimensional and Grafimann odd/even grounds, it can be seen that the (1,2) 
and ( 2 , 1 ) component of the superconnection will be of the form, cA 0 “^^^ and c( 40 ^^^, where the 
spinor couplings and c\ are Grafimann even. The supersymmetry conditions fl2.2p tell us that 
we must write the variation of this entry with respect to the supersymmetries as a covariant 
derivative with respect to some specified modified bosonic connections. By assumption, we 
firstly consider taking the modified bosonic connection of the first node is given by fl 2 . 10 ap . and 
we fix the form of the second connection such that the conditions fl 2 . 2 p are satisfied. 

As such, we must choose the fermionic couplings such that the covariant derivative in the 
variation of the fermions is projected along the direction. This requires cj" = = cr = 
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= 0. Motivated by the lack of an appearance of '^2 and in fl2.10ap in the context of the 
snpersymmetry conditions (12.211 . let ns fnrther assnme that = cz = 0. We thus write the 
super connect ion as 


£^1 _ 


^(1)1 - f (h(o))\ - 


cV'fi 


( 1 )+ 



( 2 . 11 ) 


where c, c and remain to be hxed. 

As the variation of the bosonic connection contains no derivatives, the supermatrix G of 
(12.2p is of the form 

G’/'i = • (2.12) 

Towards this, consider 





Thus, we may write 

f= Vrg, 


(2.13) 


(2.14) 


with 

g = \/2(ci)+g({)(^^0^i 

f i 2i_ \ f i _ 2i \ 

Vrg = Drg + i ( + -^(h(o))\ j 9 - ig i + -^(h{2))\ j , (2.15) 

DrQ = drg - iA(i)i 5 ( + *5-^(2)!, 

in agreement with the modihed connection for the loop in (12.1 Pali . We are now furthermore 
hnd that the bottom right block has be be A( 2 ) — x(h( 2 ))\ — 

Similarly, we may use the variation of the bottom left block 


to write 

where 




2\/2^As^i2t - /- I 2\/2 45 12 


-e e 




-e e 


'^‘^^B2+{9'i2)YlQ{l)A^ 


= Vrg, 


g = -V 2 cqf^)e^^e^^B 2 +, 


(2.16) 


(2.17) 

(2.18) 
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and the modified bosonic connections agree with fl2.15l) . It now remains to check the variations 
of the bosonic connections satisfy the conditions coming from fl2.2p . he., 


2i 


^(1)1 - 7:(h(o))-i 


A 


(2)1 


k 

2i i _ 


^(1) 


= -ic (V’(i)i)^^ + igc (^fi))+, 

= -ic (# 1 ))+^ + igc 


(2.19a) 

(2.19b) 


A simple calcnlation shows that these conditions hold, provided cc = — y. The valne of c itself 
is immaterial, as it always will appear in the combination cc in the trace of the snperconnection. 
We choose therefore c = c = In snmmary, we find that the loop with snper-connection 


^{1)1 - f (/^{o))-i- 




Tfc ‘^(1)+ 

preserves the snpersymmetries fll.2p . 


^{2)1 - f (/^(2))\- 


( 2 . 20 ) 


2.1.2 The ^ 2 -loop 

We now consider the second modified bosonic connection (l2.10bD A(i)i — x(/^(o))\+ i^(i) 
proceed similarly to the previons section. 

We find that this works with 


= V2cq(UAC^^c-^Bi-, 


g = V^cg(i)^ 
and the snper-connection of the '?/’ 2 -loop is given by 

"4(1)1 - f (/^{o))\+ 1^(1) 


£^2 _ 


1 -* 


l/fc* ^(1)2 




Vk ^{1) 


Indeed nsing 


^(2)1 - f (/^(2))\+ 


^/2._ 


( 2 . 21 ) 


( 2 . 22 ) 


= ^/2(.0) -gfi) - ?fi)^(i) 

2\/2._ ,2 A , 2\/2 ^ 


(2.23) 


^ ■^A2(h^{0)) 2^(1) + “^^A2^(1)(A^(2)) 2 5 

and the variation of the bosonic connections we find that the snpermatrix appearing in the 
covariant derivative fl2.2p is 


V2(l-i} 


0 

_^AB ^211 


V2(l-i) A c- 
Vk '?(!) ^A2 

0 


(2.24) 


= 

' ^1^-0 _,An,21r_ 

^7^ g(l)AC 

We find for each hypermnltiplet in a qniver connecting nodes with CS levels k io —k a. 
pair of snperconnections. Ont of each of them we can constrnct a Wilson loop in an arbitrary 
representation of the snpergronp U{Ni\N 2 )- We in fact expect to find only one Wilson loop for 
each representation of snch a pair. We comment abont this in the discnssion section. 



















2.2 Linear quivers 

Before proceeding to the case of quivers with nodes with vanishing CS levels, let us comment 
on linear quivers. We can construct any linear quiver by starting from a circular quiver and 
removing a hypermultiplet or a twisted hypermultiplet (or a pair and the intermediate vector 
multiplet). The relevant loops are gotten from those constructed above by erasing the coupling 
to the removed helds. 

We start from the segment of the quiver considered above 



The loops we constructed couple to scalars and fermions of the hypermultiplet between the 
nodes and to the scalars of the two adjacent twisted hypermultiplets. 

Consider removing the twisted hypermultiplet to the right of the second node. Erasing it 
from the "^i-loop fl2.20p gives 

_ ( ^(1)1 - f (/^(o))\ - ^^(1)1 

and it is easy to check that this is indeed is 1/2 BPS, with the appropriate supersymmetry 
transformations of the linear quiver in Appendix Similarly, the '02-loop fl2.22p becomes 





A 


(1)1 - f (h{_0))\ + i^(l) ^ ^(1)2 

^^fl)- -4(2)1 + 


(2.26) 


Likewise we can remove the twisted hypermultiplet from the left which will remove the coupling 
to the /i(o) moment map from the above. 

If we instead remove the hypermultiplet connecting the W and W nodes we expect to lose 
the structure of the superconnection. Indeed, in that case we hnd two independent 1/2 BPS 
Wilson loops, each with a gauge connection and a coupling to the twisted moment maps 

-^(i) = -4(1)1 - -^(h(o))\, ^(2) = -4(2)1 - -^(h(2))\- (2.27) 

Note that both i/i and '02-loops give the same loops via this process, so we lose that two-fold 
degeneracy. Also, these loops are essentially the same as the usual 1/4 BPS loops one gets 
from a modihed connection with the scalar (f of the vector multiplet. In this formulation this 
scalar has been integrated out giving rise to the couplings to p. Those loops are 1/2 BPS in 
theories with M = 2 supersymmetry and in this particular case get enhanced to preserve 4 
supercharges, rather than 2. 
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A similar story holds when considering linear quivers that end on nodes with vanishing CS 
levels. The case with vanishing levels inside a quiver are studied in the following two sections. 
Again, one can remove a hypermultiplet or twisted hypermultiplet to open up the quiver and 
the Wilson loops with those helds removed would remain 1/2 BPS. We do not list all the 
examples or repeat the algebra for all of them. 

2.3 Vanishing CS levels: Repeated untwisted hypermultiplets 

We have thus far considered Chern-Simons-matter quivers with alternating Chern-Simons 
levels. Here we study the Wilson loops in the case with extra nodes of vanishing CS levels 
pUl [22] that preserve A/" = 4 supersymmetry. 

Let us consider the quiver with a node with vanishing CS coupling to a pair of untwisted 
hypermultiplets 



We have removed for convenience the twisted hypermultiplets from the left and the right, but 
they can be incorporated by adding the moment maps to the gauge connection. 

We start by mimicking the construction of superconnections in the alternating levels case 
and hnd several different possible connections involving pairs of nodes. Then in Section 12.3.41 
we hnd a new structure of a superconnection which couples to all the different helds of the three 
nodes. We expect this structure to be more fundamental than the ones involving only pairs of 
nodes. 


2.3.1 The ^i-loop for the first link 


We begin by constructing the "^i-loop for the hrst link. The analysis proceeds as in Section l2.1.1l 
We take the same connection for the hrst node, since it couples to the same helds as previously 
(only that now, since we don’t have twisted hypermultiplets, we don’t need to include a /i(o) 
contribution). We then continue to study the fermions and the connection on the second node. 

Requiring that the variation of the bosonic connection in the hrst node is a commutator 
with - 0 ( 1 ) give^ 

'^(1)1 - 


phi _ 
^( 1 ) - 


cV’Ti 


(i)+ 



(2.28) 


where it remains to hx A’ and the fermionic couplings c and c. 


The ‘(1)’ subscript for £ indicates that we are attempting to construct a U{Ni\N 2 ) valued connection. 
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We fix the form of the bosonic connection of the second node by studying the variation of 
the fermionic terms 







2 V 2 




(2.29) 


If we require that the variation of the fermion is a total derivative this hxes the second connection 
to A( 2)1 + i(</9(2))\- 
Furthermore, it fixes 

91,) = \/2c9,1,q,. (2.30) 

It is also in agreement with the bosonic connection of the hrst node given above. The variation 
of the conjugate fermion suggests the same bosonic connections as well as 


9(1) = -\^c9,i)je'‘®e-jg2+, 


(2.31) 


cf. the calculation in Section 12.1.11 This suggests that the form of the supermatrix G(i) is 
identical to that of the alternating level case. 

We see that if we take 


rV'i 

^(1) 


"4(1)1 - i^(i) 

— iIj- 
Vk ^(i)+ 


Vk Wi)i 
^(2)1 + *(V^(2))“i 



(2.32) 


then we verihed that the variation of all but the bottom right block are total covariant su¬ 
perderivatives. The variation of that block is 


^4(2)1 + 
2\/2 


(2.33) 


?(1).4^(1)1- 


A1-; 


+ 


2k 




A1 


■ A1 _ ~.A1 

J{2)+ J{1)+ 




A2 


■ A2 

J{2)- 


~A2 

J{1)- 


The hrst two terms are exactly as for the variation of the bosonic connection of the second 
node in Section 12.1.11 Thus we can write 




0 0 
0 1 


AJ = 


2k 




A1 


■ A1 
•^(2)+ 


~.A1 


-G 


A2 


■ A2 

J{2)- 


~A2 

J{1)- 


(2.34) 

where ^ supercovariant derivative with respect the superconnection 

We shall come back to discuss the AJ term in Section 12.3.51 For now we examine more 


possibilities for superconnections. 
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2.3.2 The ^ 2 -loop for the first link 

We can also take the superconnection 


_ 

^(1) - 


^( 1)1 + l^{i) 


C'ip, 


(1)2 


Cl/’(1)_ ^(2)1 +<V^(2))\+ ’ 


(2.35) 


and find 


^ (o 1 


(2.36) 


where is the supermatrix for the alternating level case. 


2.3.3 Superconnections in the second link 

We can also consider superconnections involving the vector helds ^ 4 ( 2 ) and A( 3 ) and the hy- 
permultiplet connecting them. By reflection it is clear that the resulting loops would have 
superconnections 

.V-l ^ /^^(2)l +^(‘^(2))\- i^(2) ^^(2)1 

^^(-2)+ ^3)1-1' 


rVi _ 
^(1) - 


satisfying 


(J 0 


where G^^) is fh® supermatrix found in the alternating level case. 
Likewise 

^ (A)! + *(<d(2)j\ + f^2(2) ^^(2)2 

1 ( 3)1 + 1 ^ 2 ( 2 ) 


C'02 _ 


-1' 


satishes 




where is the supermatrix found in the alternating level case. 


(2.37) 


(2.38) 


(2.39) 


(2.40) 


2.3.4 A 4 X 4 construction 

Thus far we have found four superconnections involving pairs of vector helds and the relevant 
hypermultiplets. We can construct from them Wilson loops in arbitrary representations of 
U{Ni\N 2 ) and U{N 2 \N^). We can also combine pairs of them together, to form block diagonal 
superconnections with a 4 x 4 block structure, with the central node represented twice. Those 
will allow to write Wilson loops in arbitrary representations of U{Ni + A 3 I 2 A 2 ). 

In fact, this 4x4 ansatz allows for a more general superconnection, which is not block 
diagonal. In addition to bosonic entries transforming in the adjoints of the individual nodes. 
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and fermions in the bifnndamentals of adjacent nodes, we have two bosonic entries transforming 
in bifnndamentals of U{Ni) x U{N^). On dimensional and representation gronnds, they have 
to take the form d^^q(^ 2 )AQ{i)By respectively. We got the constrnction below to 

work with the antisymmetric conplings d^B = de^B and d^^ = de^^. 

Starting from a general ansatz we have been able to show that the structnre of the snper- 
connection has to be either the block diagonal ones made of pairs of snperconnections discnssed 
above or the snperconnection 


C = 


( ^(pi 
'^(1)1'^^!)+ 
C(l)2V’d)_ 

\d^^^d{2)A%\)B 






yi)X(i)i 
^(2) 

^-2 '^-1 
^(2)2^(2)- ^(2)1^(2)+ 


(l)X(i)2 

0 


deABQfi)Qf2)\ 


^2)'^ (2)2 


A 


(3)1 


(2.41) 


/ 


with A( 2 ) = ^( 2)1 +*(</ 2 ( 2 ))\+ 4 (z/( 2 ) - 12 ( 1 )) and = ^( 2 )i +*(V5(2))\- ^ (i^( 2 ) - The 
connection in the top left and bottom right corners involve only the gange helds (and one conld 
inclnde the appropriate moment maps, if conpling to extra twisted hypermnltiplets). It is rather 
interesting that in the case of alternating levels we had to angment all gange connections by a 
conpling to u with a coefficient ±i/k. Indeed that is also what we fonnd in the loops associated 
to the hrst and second link. Bnt here we have the third option of not inclnding this conpling 
for the external nodesjfl 

The snpermatrix G is given by 


where 


/ 0 (7(1)1 (7(1)2 0 \ 


G = 


9\ 


A 


0 


^1) " 0 5'(2)2 

^(i) 0 0 9(2)1 

0 9%) 9%) 0 


9(1)1 = ^^1)9 (i)iAv 

^{2)1 = \/2cT )gg)^+^ , 

9(1) = “V^C(i)ig(i)^e^^e—> 
9(2) = “'\/2C(2)l?(2)A^"^'^'^~^B2+ ; 


9(1)2 = -\/2c|)g(l)^ 
9(2)2 = -V^^2)^(2)'C 
dfi) = V^C(i)2g(i)A 
9f2) = V^C(2)2?(2)A 


A2 ’ 

A2 ’ 

ABAlc_ 


(2.42) 


(2.43) 


We hrstly consider the variations of the bosonic components, listing below the corresponding 


^We were not able to find BPS Wilson loops with any other values for the coupling to v. 
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conditions which must be imposed for supersymmetry. 


11 entry: = ^i)C(i )2 


i 

1 ’ 

i 

1’ 


44 entry: 

14 entry: = ^ 1 )^ 2 ) = d, 

41 entry: -C(i)iC( 2)2 = C(i) 2 C( 2 )i = d. 


(2.44) 


The supersymmetry conditions corresponding to the 22 and 33 entries are then automatically 
satished. 

As for the central 23 and 32 entries in fl2.41l) the difference between the supersymmetry 
variation and the super-covariant derivative of G gives 




{6C - 'DrG)23 = -i ( C(i)icfi).^'(1t+ + C(2)i4).^'(1t+) 


-2 -Al 


M2’ 




{6C - D^G')32 = i ( C(i)24)i(1f- + G2)2C^2)J{2)-) 4i’ 


A ■A2 


(2.45) 


where Tfr is the super-covariant derivative with respect to the super-connection C. Imposing 
the bilinear constraints fl2.44p . we see that {6C — DrG )23 and {6C — DrG )32 are proportional 
to j( 2 y+ ~ d(ij+ d{ 2 )- ~ respectively. This is similar to the 2x2 cases discussed above. 

With the constraints fl2.44p . the supersymmetry conditions for the fermionic entries of fl2.4ip 
are satished, up to a remainder term, which is proportional to (/i( 2 ))"^B “ We present 

the example of the 12 entry. Consider 


{'DtG)i 2 — drg(l)l — + 'ig{l)lA{2) — 4 )^( 2 ) 

With some manipulation it may be seen that 

e4B4)4)4) = '^G2)2 (^(1) + G2)) 

This identity, coupled with fl2.44p gives us that 

{SC — 'DrG)i2 = —id^ABlfi) {i^^{2))^C ~ 

Indeed all fermionic entries have such a remainder term, proportional to (/i( 2 ))^c ~ (h(i))^c- 
We discuss these remainder terms in the next section. 

We have also tried to construct Wilson loops with 3x3 and 6x6 block structure, but 
couldn’t hnd any useful ones. We expect then that the Wilson loops will be given by this 
connection, or that made of a pair of the previous 2x2 connections, or a linear combination 
thereof. In any case the Wilson loops will be classihed by representations of U{Ni -|- A"3|2A"2). 


(2.46) 


(2.47) 


(2.48) 


14 












The story for longer segments of the quiver with vanishing CS levels should be similar. 
The even entries will be along the diagonal or in the bifundamental of U{Ni) x U{Ni^ 2 ) and 
made of a bilinear of the scalars. In the 4-node case the resulting connection would be a 
U{Ni + 2 iV 3 | 2 iV 2 + -^ 4 ) matrix, and the generalization to longer quivers is obvious. 

2.3.5 On AJ and A/i 

In the alternating level case we found a pair of superconnections whose variation is a total 
derivative. In the case with a single k = 0 node we found hve possible superconnections but 
in all cases we found an extra term in the variation proportional to AJ f|2.34p . One can add 
more hypermultiplets and more nodes with vanishing CS levels and the same construction leads 
to superconnections whose variation includes terms proportional to AJ terms on the different 
nodes with k = 0. For the construction with the 4x4 connection we also found the remainder 
Afi term fl2.48p 

In the case of alternating levels we found a superconnection whose variation doesn’t vanish, 
but like in ABJM theory, it is a total derivative. So the variation of the Wilson loop constructed 
out of the superconnection does vanish. In this case, the variation of the Wilson loop built out 
of any of the four superconnections will not vanish, but will rather give the insertion of the 
integral of AJ into the Wilson loop. 

Still, we expect there to be a BPS Wilson loop associated with this segment of the quiver. 
Indeed, examining the action [22] for the vector multiplets with k = 0 one notices that the 
gaugino A appears only linearly and multiplying AJ. Thus the variation of the Wilson loop is 
an insertion of ^ into the Wilson loop and the path integral over A of any observable will be 
a total Grafimann derivative and will therefore vanish. We conclude that the variation of the 
Wilson loop is zero in the weak sense — all correlation functions with it vanish. 

As for the A/r piece (I2.48p . Again the action of the vector multiplet includes this combination 
multiplied by an auxiliary held. Integrating it out identihes (/i(2))'®c = (/^(i))’^C; so this term 
does not obstruct the supersymmetry analysis, and the 4x4 loops are thus also supersymmetric 
in the weak sense. 

2.4 Vanishing CS levels: Repeated twisted hypermultiplets 

One last simple case to consider is a segment of the quiver of the form 


—k 0 k 



The nodes on the left and on the right will couple to extra nodes through the hypermultiplets 
(solid lines) and form superconnections with them (or if we remove the hypermultiplets and 
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consider a linear qniver, will have 1/2 BPS connections like in fl2.27p h In either case we can 
constrnct a 1/2 BPS Wilson loop conpling to the central node alone 

C(2) = A(2)i + ^ ((h(2))-i + (h(i))“i) • (2.49) 

3 Circular Wilson loops 

For every straight BPS Wilson loop we expect to also hnd a circular one which will have a 
hnite expectation value calculable using the localization matrix model. We study those here. 
The circle is given by 

a;^ = cosr, x^ = sinr, = 0. (3.1) 

Whereas the straight line preserved half of the Poincare supersymmetries and half of the super- 
conformal ones, we expect the circular loop to preserve eight linear combinations of the two. 
Concretely, we look for Wilson loops that preserve supersymmetries where the superconformal 
variation parameters rj are related to the superpoincare ones ^ by 

VAi = ^i^^Tb^Ai^ VA2 =-'^i^^Tb^Ag- ( 3 - 2 ) 

The superconformal transformations of the helds are given in the usual way IZ7I by replacing 

except for the variations of the fermions which pick up an extra term 

(see Appendix . 


3.1 Alternating levels 

Let us consider the same segment as for the straight line case in Section 12.11 


k 




-k 
N2 


As in the straight line case, contribution to the variation of the gauge held from the adjoin¬ 
ing twisted hypermultiplet may be cancelled by considering the combination A(i)i — |f(h(o)\- 
Futhermore, we may consider the two combinations 

2 ^^ 1 
- -^(h(o))-i - 


2\/2 f r 1 ~ r 1 ~ 

I [(1 - sin r)e^^ + cos r + [cos r + (1 + sin r)e^J (3 3) 

-f (1 + sinr)e^^e-^|2~ COST Ym+qfi) 

+ - cos r + (1 - sin Ym-qfi) ] , 
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and 


2'Z % 

2\/2 f 


^ { [(1 + sin - cos r 9a)^fi)+ + [" cos r + (1 - sin ^W'^fi)- 


„7;2 


+ 

+ 


(1 - sinr)e^-®e^^|^ + cos r V'(i) 2 +gfi) 

cos r + (1 + sinV’(i) 2 -g(t) 


(3.4) 

From the straight line case, we expect that these two choices correspond to the ipi and '02-loops 
respectively. We assnme the form of the snperconnections and verify that they are indeed 
snpersymmetric. 


3.1.1 The 01-loop 

We take the snperconnection to be of the form 


and the snpermatrix G to be of the form 


Ca0fi)i 

- f (h(2))\- i«2(i) 


(3.5) 


G = 


Og 

gO 


(3.6) 


As in [TS], we consider the projector 


V+ = 6\ + x>^{^^)\ = 


1 — sin T cos T 
cos r 1 + sin r J 


(3.7) 


and demand that the fermionic conplings be eigenstates of this projector. In particnlar, we 
choose 

'l — sin 


c“ = (cos T, 1 + sin r)“ c(r), 


Cn. = 


cos r 


c(t), 


(3.8) 


where c(r) and c(r) are fnnctions of r. The variation is given by 

2\/2 r. 


<5 [c„0fi)J =2V2D,q^UAi 


k 




B 


B 




A1 


+ iV^Caia^Tb^Ai^lw- 

We wish to write this as a covariant derivative. We may impose 


(3.9) 


drCa 2^^^^ ^ 


(3.10) 
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which tells us that 


c(r) = 




cos I — sin I ’ 


where C* is a constant. With this choice of c(r), we have 

^ [Ca{^P(l)lT] = Vr (2^/2g^c,ell) > 

where = DrQ'^ + The supersymmetry conditions demand 

g = 2V2qf^)CaCAi- 


Similarly, we find 
where we have imposed that 
which is solved by 


c“(V’ 


1 ^ 
(i)> 




^ ^ Jy( ^2\ a 

drC = --C [a ) b, 


c(r) = 


C 


cos I + sin I ’ 


where C* is a constant. We thus have 

9 = -2V2i((i)ic“e'‘®€-?B2«- 


(3.11) 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

(3.17) 


A simple calculation, as in the straight line case in Section [2.3.11 gives that CC = —p 

The story for the segment of the quiver with vanishing CS level is very similar, where for 
example the circular analog of the straight line presented in Section 12.3.11 is the same as (13.dh 
with the lower right corner replaced by i:^A( 2 )^ + i((p( 2 ))\— which is essentially the same 
as in fl2.32p . The variation of the super-connection is then 


+ AJ 


0 0 
0 1 


(3.18) 


with G as in fl3.6p and AJ is as defined in fl2.34p . The other loops for this case may be similarly 
obtained in analogy with the straight line case. 

3.1.2 The ?/i 2 -loop 

To construct a loop coupling to "02, we take the fermionic couplings to be eigenstates of the 
projector V~ = given explicitly by 


p- = 


1 -|- sin r — cos r 
— cos r 1 — sin r 


(3.19) 
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We take the fermionic couplings to be 


c“ = c(r) (— COST, 1 — sinr) , Ca = c(r) 
with the superconnection given by 


1 + sin T 

— COST 


£p2 ^ - f (h(0))-l+ i^(l) 




(1)2 


Proceeding as in the previous section, studying the variations of the fermions gives us 

C 


g = - 2 \/ 2 /ca(^^ 2 )“, 
g = 2\/2g^c“(^^-)a, 


c r = 


c r = 


cos I + sin I ’ 
C 

cos I — sin I ’ 


(3.20) 


(3.21) 


(3.22) 


as well as compatibility with the conjectured bosonic connection of the two nodes. An exami¬ 
nation of the variation of the bosonic connections gives CC = p 


3.1.3 The boundary conditions 

We have shown that the supersymmetric variation of C may be written as a super-covariant 
derivative. In order for the circle, which is compact, to be invariant under supersymmetry we 
must ensure that there are no boundary terms when integrating this total derivative term. We 
follow the analysis in f2E\ . 

We dehne 211 to be the untraced Wilson loop and analyze its transformation by the total 
derivative viewed as a super gauge transformation. Consider the matrix G (for either the V’l 
and ' 02 -loops) found above, then we hnd 

G(27r) = -G(0). (3.23) 

This can be written as 

G(27r) = TG{0)T -^, with '^ = (o 

This implies that the hnite gauge transformation U = exp{iG) also satishes 

f/(27r) = TU{0)T~^. (3.25) 

Now we consider the transformation of OUT. It is invariant under the supersymmetry/super- 
gauge transformations. 

sTr(2nr) ^ sTr(f/-i(0)2IJf/(27r)r) = sTr(f/-^(0)2nrf/(0)) = sTr(2IJr). (3.26) 

We thus should consider the supertrace of 2IJT rather than of 211. Equvalently, examining 
that form of T, we see that the trace of 211 (rather than the supertrace) is a supersymmetric 
operator. This is similar to the result for ABJM in [TB] . 
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4 Localization and the matrix model 

We would now like to show that we can calculate the expectation value of the 1/2 BPS Wilson 
loops using localization. The idea, as in [TH], is to show that the 1/2 BPS loops are cohomolog- 
ically equivalent, under the localization supercharge, to certain combinations of 1/4 BPS loops 
for which the localization calculation has already been done. This reduces the calculation of 
the Wilson loop to that of an observable in a matrix model, as in [28l [29l [301 El] • We shall 
leave the solution of the matrix model to future work. 

4.1 The straight line 

We now demonstrate, following closely [18], that both the V'l-loops and '^ 2 -loops are in the 
same cohomology class — that of a certain 1/4 BPS straight loop. We should note that this is 
a classical calculation and we expect it to be modified by quantum corrections and in fact only 
a single linear combination of these loops will be exactly equivalent to the 1/4 BPS loop. We 
discuss the lifting of the degeneracy in Section O 

The appropriate 1/4 BPS operator has a purely bosonic connection from two adjacent nodes 



2i 

k 


((h(o))\+ (h(i))^i) 
0 



(4.1) 


We note that this shares its four supersymmetries with our 1/2 BPS loops. As our localizing 
supercharge, we consider the linear combination 


q = qI^ + qIK 


(4.2) 


4.1.1 The ^i-loop 


The difference between the V'l-loop fl2.20l) found in Section [2. 1.1 1 and the 1/4 BPS loop is given 



(4.3) 


We wish to demonstrate that this is a Q-exact quantity by hnding a V such that = 

QV. Following [18], we take 


I 


'OD 


i/V’i =-Hr V 




(4.4) 


— OO 


where is to be determined by the requirement and is the connection with 

fermionic entries equal to that of and zeros everywhere else. We find 



(4.5) 
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where the subscript ‘B’ indicates the bosonic part of and 
Acting with Q on gives 


gt/^i =-ill V 




(4,6) 


We pick up a boundary term from acting with the supercharges on the exponent. Noting that 


= ^T^rqli) , 




g(i)2 


we hnd 


Qi/ki = -itrP 


= —itiV 


’ —OO 

/*oo 


dr e-‘ *1 £■"£*. A” £*> 


(4.7) 


(4.8) 


As in [IB], upon Taylor expansion, we see that this is equal to the expansion of 


yy^i _ ypl/4 


/ dn---dTpC^^{n)---C^^{Tp) 


p=l 


(4.9) 


demonstrating the cohomological equivalence of the V’l-loop and 1/4 BPS loop. 


4.1.2 The ^ 2 -loop 


The '02-loop fl2.22p of Section 12. 1.2l is also cohomologically equivalent to the 1/4 BPS loop. The 
result follows almost identically to that of the 0i-loop, with 


= _^trP 


dr e"* 1'-- ‘^"1 A’^^ (r)e-* 


where 


0 ^^(1) 

\/2 \cq{i)i 0 


( AV ' 1)2 _ _^2 ^ I _ £ 1/4 


■'B 


Noting also that 

Q^{i) 2 = -^'^rqli) , Q0fi)_ = -V2T’rg{i)i , 
it is straightforward to see that both loops are cohomologically eqnivalent to each other. 


(4.10) 

(4.11) 

(4.12) 


4.1.3 Vanishing CS levels 

In the case of the qnivers with vanishing CS levels discussed in Section [2731 We have not demon¬ 
strated the cohomological eqnivalence to 1/4 BPS loops for the loops based on 2 x 2 blocks. 
Below we do it for the 4x4 superconnection (12.411) . For the 1/2 BPS loop in Section 12741 it is 
in fact identical to the 1/4 BPS loop. 
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We found the U{Ni + N3\2N2) valued superconnection fl2.4ip in Section 12.3.41 We now apply 
the arguments of the previous section to this loop. It is useful to rearrange the superconnection 
to make manifest its U{Ni + A'" 3 | 2 iV 2 ) structure: 


/ deABqfi)qf2) 


c = 


,g)i 


q(2)Aq(l)B ^( 3)1 C(2)2V’(2)- '^(2)lV’(2)+ 

'^( 1 ) 1 '*^^!)+ d^2)'^{2)2 ■^( 2 ) 0 

V ^2)^i2)i 0 


( 2 ) 


As in fl4.4p we define 

= _^trP 




where C}!^ is the combination of 1/4 BPS connections 

r 2? - 2? 

= diag|/l(i)i - .^(A(i))‘i,4(3)1 - jlmYl, 


(4.13) 


(4,14) 


(4.15) 


4(2)1 + i( 41(2))\ - T ( (A(l))t + (1^(2)) t) , 4(2)1 + i( 41(2))S “ T ( (ll(l))t + (P(2))Y 


We determine by the requirement that = Cp, with Cp the fermionic part of C. 

Given the same supercharge and many of the same fermionic entries as in the examples 
above, we may read build A'^^^ from (14.5p . (14.lip 


^4X4 ^-- 

\/2 


/ 0 
0 

C(1)W(1)2 

VG1)2?(1)I 


0 -^1)^(1) ^1)^(1) \ 

0 _ C(2)2?(2)I C(2)1^(2)2 

( 1 )^( 2 ) 


diaL 0 0 




0 0 

A short computation ( making use of the constraints fl2.44p i shows that 

/O 0 0 0 

,4x4\2 ^ ^ 


(A^ 




0 


0 0 0 

0 0 0 C(l)i4) ((A{2))^2 

\0 0 C(i)2c[^) {{A{2)?I - (/^(I))^) 0 




(h(l))^2) 


(4.16) 


(4.17) 


As before, Cp is the bosonic part of the difference C — C}!^. We note that both of the non-zero 
entries are proportional to (/i( 2 ))"^B ~ {A{i))^bi for hxed A, B. For notational convenience, we 
dehne (A^^^)^ = \Cb + A/x. 

Continuing as before, using the action of the supercharges on the fermions given in fl4.7p 
and fl4.12p . we see that 

QCp = -2xD^A, (4.18) 
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where Dr is the supercovariant derivative with respect to C. 
Acting with the supercharge on V thus gives 


QV 


—itiV 
—i tiV 
—itvV 


.J —CXD 

poo 


—CXD 

poo 




(£^(r) + £b + Ap) 

(^£(r) + Ap) . 


(4.19) 


As in the previous cases, the first term in brackets matches the expansion of W — exactly, 
where W is the loop defined with superconnection C. The second term is however new. 

In Section 12.3.51 we argued that the variation of the loop fl2.4ip vanishes inside correlation 
functions. Indeed there too we found terms proportional to p( 2 ) — /i(i), which vanish once the 
auxiliary held is integrated out. This is enough to conclude that the expectation value of W 
and are equal. 


4.2 The circle 

We now consider the circle. This will be cohomologically equivalent to the circular analogs of 
the 1/4 BPS loops above, which have a hnite expectation value, which can be calculated by 
localization [H]. We take Q to be the same supercharge used for localization 

Q = (Q!_- - 5?) + (Q- + 4-)- (4-20) 


4.2.1 The ^i-loop 

We begin by considering the difference between the -i/i-loop fl3.5p found in Sec¬ 

tion [m] and the 1/4 BPS circle, similar to (14.ip . We again look for as in (14.4p . this time 
perturbatively in a power series. It will be useful to consider the insertion 


^/2 \-c(r)g(i)2 0 

with c(r) and c(r) as in fl3.16p . fl3.1ip b It satishes 

= 4cosr(A^i)2 


2 

( 1 ) 


dbi 

L-b ■ 


(4.21) 


(4.22) 


Furthermore, the action of the supercharges on the fermionic components of the V’l-loop is 
given by 


QCf = 2V2Vr 


cos r 




-c(r)g(i)2 0 


= —iiVr [cosrA^^] . 


(4.23) 
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Order-by-order, we define 


tr P I e-* ^ 0 " dri ^v>i I ^ 

Vt = (A^HT-2)4np) - 4 ^(t-2)A’^Hp)) } 

4^ = tr ^ {e-*(- drg (4 (ra)A^i (rg) + A’^'^ (r2)4 (rg)) 

+^ f dT2 dT3 du (t2)4' ('^ 4 ) + ('r2)A’^i (p)4^ ('^ 4 ) 

J T2<T3<T4 

+4'(r2)4‘(r3)A*'(r4)))}. 

(4.24) 


The action of the supercharges on these operators is given by 
Qp/i =-I ixV |e-*^o" ^ dr2 41 , 

q 4 = -trP |e-r(^^'"dr3 4(r2)4(rg) +z4(r2)^ | , 
Q4 = trP ^e-^Cdr^C^/Hn) ^ j 

+i f dT 2 dr^ dTi 4‘ (7'2 )£f ('^ 3 )£f ('^ 4)) | ■ 


(4.25) 


't2<T3<T4 


These indeed match the terms in the expansion of demonstrating that to third 

order in the expansion the i/'i-loop is cohomologically equivalent to the 1/4 BPS loop. However, 
as in the case of ABJM, we expect this relationship to hold to all orders, and the corresponding 
localization calculation to reduce to the known matrix model calculation of the 1/4 BPS loops 

HI]- 


4.2.2 The ^ 2 -loop 

The calculation for the V’ 2 -loop, (13.211) found in Section [3.1.21 proceeds very similarly. Defining 



Ab2 = _L 
\/2 

( 0 c{r)qlA 

\-c(r)g(i)i 0 j ’ 

(4.26) 

we see that it satisfies 

QAV'2 = £b2 ^ 

4cosr(A’^2)^ 

^-lp2 

— 5 

(4.27) 

and 

/ 




QCf = 2V2Vr 

COST 

(-C( 

0 c(r)g(\A 

^)?(i)I 0 j 

= —AiVr [cosrA’^^j . 

(4.28) 
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Equations fl4.27p and fl4.28p are the corresponding identities for the V’ 2 -loop as fl4.22p and fl4.23p 
for the "^i-loop. As these are identical, it immediately follows that the action of the supercharge 
on 

yt = —tlV (^Ay{T2)Cp{Ts) - Cy{T2)Ay{Ts))^ 

= tiV (^-j\r2j\Ts (4^(r2)A’^nT-3) + A^n^2)4^(r3)) 

+i j dT2 dT3 dTi (^A^i {r2)Cp {n) + Cp (r2)A^i {n)dld {n) 

+4‘(r2)£*'(T3)A*(T4)))}, (4.29) 

will exactly match the expansion of thus demonstrating the equivalence of the 

two loops with respect to the localizing supercharge. 

5 Holographic description 

The goal of this section is to hnd the M2-brane conhgurations which preserve half of the 
supersymmetries of the vacuum and are the holographic duals to the gauge theory operators 
discussed above. 

We limit our attention to the case of circular quivers whose corresponding space-time metric 
is ^^54 X Mp^q^k [32], where the compact manifold is an orbifold of the 7-sphere 

y^p,q,k = (>S'^/(Zp © Zq)) /Zfc , (5.1) 

with radius = 2^n^Nkpq (in units of ig = !)■ The gauge group rank N corresponds here to 
the number of M2-branes located at the orbifold point. 

For the ^<754 factor, we consider a metric with an AdS 2 foliation 

ds\^S 4 = + cosh^ u ds\^g^ + sinh^ u dcj)^ , (5.2) 

where for a time-like (straight) Wilson loop we take a Lorentzian AdS 2 

ds\dS2 ^ ~ cosh^ p dt^ , (5.3) 

and for the space-like circle we consider the Euclidean metric 

ds\dS2 ~ sinh^ p d'ip‘^ . (5.4) 
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The M2-brane world-volume will be along these AdS 2 coordinates in AdS 4 ^, while on the internal 
space it will wrap an (he., the M-theory circle) and sit at a hxed point in the remaining 
coordinates, which is determined by supersymmetry, as we shall see. 

The orbifold action giving rise to the space Mp g ^ is most easily described in terms of 
complex embedding coordinates Zi (i = 1,... ,4) subject to the constraint 

4 

= ( 5 - 5 ) 

i=l 

and to the identihcations [32] 

{zi, Z 2 , Z 3 , Zi) ~ Wfc7^3, , UJr = , m G Z . (5.6) 

This last line alone without the constraint fl5.5p would define the manifold 

= (CVZp 0 CVZg) /Zfc . (5.7) 

The SU{2)a subgroup of the i?-symmetry acts on C^/Zp and SU{2)b acts on C^/Z^. 

The supersymmetries preserved by the Wilson loops fll.2|) are doublets of the /^-symmetry 
subgroup SU{2)b, which is left unbroken. We therefore expect that the M 2 -brane embedding 
will be at a fixed point of the SU{2)b action. This is the tip of the C/Zg cone in Aip^q^k- A 
similar story applies of course if we were to consider loops invariant under SU{2)a with the 
two cones exchanged. 


5.1 Parameterizations of the 7-sphere 

To be explicit, we parametrize the by the coordinates [16 


zi = cos a cos 

^2 if, 

Z 3 = sm a cos — e . 
3 2 


This choice induces the following metric 

1 


• *6 

Z 2 = cos a sm e 
. 02 

2:4 = sm a sm — e . 

2 


ds = 


Ada^ + cos^ a ( dO^ + 4 cos^ ^ d^f + 4 sin^ ^ d ^2 
+ sin"* a ( dOl + 4 cos^ ^ d^l + 4 sin^ ^ d^l 


(5.8) 


(5.9) 


with appropriate ranges for the coordinates to cover the entire sphere once, namely 0 < a < 7r/2, 
0 < 6 * 1^2 < tt and 0 < < 27r. 

To make the action of Zp and Zg more transparent, we can relabel the as 


6 = Y+a:, ^2 = -Y+X, ^3 = — +t;, = 


02 


(5.10) 
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which results in 


“*57(Zp®Zg) 


with 


-|- cos^ a + sin^ a ds^s 

( 6 . 11 ) 

d 6 l -|- d0^ -|- 4dx^ -|- 4 cos di dx d0i, 
dOl -|- d 02 + 4dn^ -|- 4 cos 62 dv d 02 . 

(5.12) 


We are implicitly assuming that fc = 1, so that is trivial. The action of Zp and Z^ then 
identify [32l [33] 

(5.13) 


(21,22,23,24) (01^21,12^22,01"23,01^4), m, 71 e z, 

and therefore impose the following periodicities on the angular coordinate x and v 


X ~ X + 


27rm 


P 


n ~ n + 


2 'Kn 


(5.14) 


With these coordinates the action of SU{2)a and SU{2)b is manifest on the two 5^ orbifolds 
in (Km . 

The full metric of the space (before the Z^ orbifold) is given by 


/{ZpeZq) 


(5.15) 


The Killing spinor for this 11-dimensional geometry is derived in Appendix |B] and is given by 

r] = <i)Er]o, (5.16) 

with 


^ g^^(r45+r67) g^^crg^-rgr*) g2(r46+r57) 

X ef(r8#-r9r*)g-^{r47+r56)g-^(r89-r#r*) ^ 

- ^ gfr2r*gfrir*g|ror*g|r23 


(5.17) 


where t]^ is a 32-component constant spinor and T* = roi 23 - The gamma matrices live in the 
tangent space and the indices 0,1, • • •, 9, # are flat indices. 

A second parameterization of the angles is useful to study the general case of k > 2 and is 
obtained by setting 

= i (“201 + X + C) 1 '^2 = :| (201 + X + C) 5 

■^3 = 1 (—202 — X + C) 1 '^4 = :| (202 — X + C) 5 
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(5.18) 











in the metric above. This results in [16 
1 


ds 


M, 




Ada^ + sin^ a {d 6 \ + sin^ 6 i dcpf) + sin^ a [dOl + cos^ 62 d(j)l) 

+ cos^ a sin^ a {dx + cos 0i d(j)i — cos 62 d(f) 2 f‘ + - {dC, + Ay 


where 


A = cos 2 adx + 2 cos^ a cos d(j)i + 2 sin^ a cos 6*2 d(j )2 ■ 

In these coordinates, the action of the orbifold is along the ( direction, i.e. 

271771 


c~c + 


k 


m G Z. 


(5.19) 


(5.20) 


(5.21) 


The Killing spinor for these coordinates was obtained in [16] and is as in fl5.16p . with T 
replaced by 

^ = gf (r4r*-rr#)g%(r5r*-r8#)g%(rr9+r46)g-^r#7*g-f r58g-%r47g-%r69 ^ ('5 22 ) 


where the are given by fIS.lSp . 


5.2 Supersymmetry analysis 

The task at this point is twofold. First, we want to check that the three orbifolds of Mp^q^r 
preserve half of the supersymmetries of the vacuum, namely 16 supercharges. Secondly, we 
want to hnd an M2-brane embedding that is 1/2 BPS, breaking these 16 supersymmetries 
down to 8 . 

To address the hrst point, we consider the hrst parameterization, equations (15.lip and (I5.17p 
above, and use the procedure employed in [T^ for the ABJM case. This begins by choosing a 
basis for the gamma matrices such that 

roi 23456789 # = 1 , (5.23) 

and by writing the constant spinor rjo in a basis which block-diagonalizes as follows 

r46ho = Siho , ^57Vo = S 2 ho , ^^9^*Vo = SiVo ■ (5-24) 

All Si eigenvalues take values ±1, see [16]. A translation in x corresponds to an action of the 
Zp orbifold and rescales the Killing spinor by 

T S ? 7 o ^ gh^i+^2)<5/2^ 2 r]o , (5.25) 

as can be readily seen from fl5.17p . In order for this to be a symmetry of the Killing spinor (for 
a generic translation parameter 6 ), we are restricted to 

(si, S2, S 3 , S 4 ) G {(+, —,•,•), (—, +,-,•)}, (5.26) 
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where ± indicates ±1 and ■ indicates an unrestricted value. The action of the Zg orbifold (he., 
a translation in v) similarly gives 


(si, S2, S 3 , S 4 ) G {(•, •,+,+),(•, ■ (5-27) 

Now we notice that C oc a: + n, so that the action of the Z^ orbifold rescales the Killing spinor 

(5.28) 


as 


T S 770 ^ eh^i+^ 2 +s 3 -s 4 )< 5 / 2 ^ 2 . 

This restricts to the following choices 

(si, S2, S3, S4) e {(+, —, —, —), (—, +, —, —), (—, —, +, —), 

(“, +, +, +) , (+, +, +) , (+, +, “, +)} • 


(5.29) 


Note that each set of s, eigenvalues represents four supercharges. Thus, the Z^ orbifold by itself 
restricts us to 24 supercharges, he., the ABJM theory, as expected. Taking the intersection of 
the three sets of allowed eigenvalues, we are left with 


(si, S 2 , S 3 , S 4 ) e {(+, —, —, —), (—, +, —, —), (—, +, +, +), (+, —, +, +)}, 


(5.30) 


namely 16 supercharges. 

The supersymmetry analysis of the M2-brane embedding is most easily carried out using 
the second parametrization, equations fl5.19l) and fl5.22p above. As anticipated earlier, the M 2 - 
brane is taken to be oriented along the AdS 2 directions in AdS 4 (while sitting at m = 0) and to 
wrap the parametrized by (. The world-volume coordinates are then given by (t, p, (), with 
the remaining coordinates on the sphere assuming constant values. The induced metric is thus 
simply given by 


= dp‘^ — cosh^ p dt^ + , 


(5.31) 


where = 2^TT‘^Nkpq, as seen above [32]. The amount of supersymmetry preserved by this 
embedding is obtained by considering the projection equation 


Tp = p, 

for the Killing spinor fl5.22p . with the projector being given by 


T = 


y/— det g 


dtX^dpx'^dQx’^'^^'-iu'la = Toi# • 


(5.32) 


(5.33) 


This is formally identical to the ABJM case considered in [16] , so that we can quote the results 
from that case. Setting therefore a = 0 and = 0 the projection equation for e reduces to an 

Selecting a = n/2 and 


equation for cq and the brane breaks half of the supercharges in 
6*2 = 0 also gives 1/2 BPS embeddings, which are the loops invariant under SU{2)a- 
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Unlike the ABJM case, in the present case there are also the Zp and Zg orbifolds. A crucial 
fact is that a = 0, where our M2-brane is located, is a hxed point of the Zg orbifold. In fact, 
we expect q different states at the singular point and hnd holographic duals for q different 
fundamental Wilson loops. This mirrors (part of) the degeneracy of 1/2 BPS loop operators 
we have uncovered in the gauge theory side. We expect there to be a single fundamental Wilson 
loop for every one of the q twisted hypermultiplets, represented by a dashed line in the graphs 
in Section [21 It would be advantageous to use the type IIB description [35l [361 EH [33], where 
this singularity is resolved, and which allows also to study linear quivers. See more in the 
discussion below. 

The computation of the renormalized on-shell action for the M2-branes also follows from the 
ABJM theory case. The brane action (after renormalization) will be proportional to J d(. 
Using the explicit expression of the radius written above and that the range of ( goes up to 
1 / kp, the expectation value would then seem to be given by 

/2Wg" 

{W) ~ fcp . (5.34) 

It is actually unlikely that this expression be valid for all the q different Wilson loops, as the 
answer should depend on the details of the resolution of the orbifold singularity (and fluxes, 
and fractional branes). This expression does in fact hold at least in the simplest case where the 
Wilson loops are all equivalent, so theories with p = q and alternating ±k CS levels. Those in 
fact are orbifolds of the ABJM theory. 

6 Discussion 

The structure of W = 4 Chern-Simons-matter theories in three dimensions is very rich and the 
story of the 1/2 BPS Wilson loops in those theories is even richer and rather complicated. 

We expect that a theory with p untwisted hypermultiplets and q twisted hypermultiplets 
possesses q independent 1/2 BPS Wilson loops (not accounting for possible representations) 
preserving our supercharges fll.2p . There are p other Wilson loops preserving the supercharges 
with the underlined and overlined indices interchanged. They can be easily written explicitly, 
and one can also study them by looking at a quiver with the untwisted and twisted hypermul¬ 
tipets exchanged. 

In the M-theory picture we found that the Wilson loops are indeed dual to M2-branes 
wraping a circle in (S'^/(Zp © Zg)) /Z^ which is at a hxed point of the Zg orbifold and of cir¬ 
cumference proportional to 1/kp. We expect that there are in fact q different degenerate states 
at the singular point, representing the holographic duals of the q Wilson loops in fundamental 
representations. To resolve the singularity one can study the type IIB duals of these theories 
[35113611371I33]. These also allow to study linear quivers, while M-theory is only a good de¬ 
scription for the circular quivers. It is also easier to specify the different ranks of the gauge 
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groups and the location of the fc = 0 nodes in the IIB language. The holographic duals of 
the Wilson loops will be fundamental strings at q specihc points on one of the boundaries of 
the strip/annulus which appears in the metric. This mirrors the brane construction of these 
theories [SZIES] and the possible ways to add fundamental strings to them [I^FI 

On the held theory side the story is more convoluted. In the simple case of alternating levels 
we found 2 q possible superconnections. A pair for each pair of vector multiplets connected by 
a hypermultiplet, coupling to the fermion or to ■ Each of those superconnections is 
invariant under supersymmetry up to a total derivative, that cancels when we consider the 
entire Wilson loop. We expect the degeneracy between those Wilson loops to be lifted by 
quantum corrections. 

This is a phenomenon that has so far not afflicted the study of BPS Wilson loops, but 
is in fact common in other settings. The Wilson loop is a composite operator made of the 
helds at arbitrary points along the curve and whose interactions could lead to quantum effects. 
The variation performed here is classical and does not take into account possible interactions 
between the helds. If there is a unique operator carrying some set of quantum numbers (in 
the case of the Wilson loop it is the contour and representation), then the classical calculation 
should suffice. In our case we found a pair of operators with the same quantum numbers that 
are classically BPS. As a simple analog, consider scalar operators in A/" = 4 SYM (in 3d or 4d). 
We can take two complex scalar helds Z and X in the vector multiplet. Tr(Z'^) and Tr(X'^) are 
both 1/2 BPS operators, but Tr(Z^X^) is not. The hrst two are the only operators of classical 
dimension J carrying J units of charge, so they must be BPS. The helds Z and X are each 
annihilated by half of the supercharges, but there is another operator Ti{ZXZX) which has 
the same classical dimension and charge as Tr(Z^X^), so the classical analysis is not enough 
and indeed only one linear combination of these is BPS once one-loop ehects are included. 

We expect the same to be true in the case of the Wilson loops and only one combination 
(presumably the sum of the loop made of and the loop made of to be BPS. This story 
should hold also for the case of the circle and also for the equivalence to the 1/4 BPS loop 
in Section |U The matrix model will only calculate the expectation value of the correct linear 
combination. 

One possible way to check this is to calculate the expectation value of the circular Wilson 
loops in perturbation theory. We expect that the Wilson loops with either or to not be 
BPS and therefore to suffer from UV divergences. Only the correct linear combination will be 
hnite and equal to the result of the matrix model calculation^ This calculation should follow 
along the lines of the perturbative calculations of the Wilson loops in ABJM theory [381 [39[ 140] . 

Further complications arise when one considers quivers with nodes with vanishing CS levels, 
as studied in Section 12.31 In the case studied there, we found hve possible superconnections. 


"^We thank B. Assel and J. Estes for explaining some of these points to us. 

®The Wilson loop found in [25] is a linear combination of loops on all the nodes of the quiver, and all of 
them are made of the appropriate so we don’t expect it to be BPS. 
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Their variation does not vanish and is not a total derivative, but we argued that the remainder 
cancels in every expectation value. Four of the connections involve a pair of nodes and the 
last one has a richer structure involving all three nodes (one of them doubled). This last 
one is a superconnection in U{Ni + A'"3|2iV2). Indeed it would seem natural to also combine 
the other connections into four possible pairings of block-diagonal U{Ni\N 2 ) © U{N 2 \N 3 ) C 
U{Ni + A^3|2iV2) superconnections. The resulting Wilson loop are classihed by representations 
of U{Ni + A^3|2iV2) and we again expect only one linear combinations to be BPS. It is not clear 
actually why a Wilson loop involving only a pair of nodes would not be BPS. We leave this 
question for the future. 

It may also be interesting to look for 1/2 BPS loops in the non-linear sigma model of [23] 
which arise from integrating out all the helds of the k = 0 nodes. 

We have shown that the 1/2 BPS Wilson loops are cohomologically equivalent to certain 
1/4 BPS Wilson loops which can be reduced using localization to simple observables in the 
Chern-Simons-matter matrix models m- We leave the evaluation of these matrix integrals to 
future work. 

In fact, one way to address the open questions is to look at the structure of the Wilson 
loops in the matrix model. In ABJM theory one can calculate the expectation value of either 
the 1/6 BPS Wilson loop or the 1/2 BPS one [2Sl 123 EDI Elj- But the calculation of the 
latter is signihcantly easier. One can try to evaluate possible Wilson loops in the matrix 
models for arbitrary A/" = 4 CS-matter theories. For theories with equal ranks there is an 
elegant Fermi-gas formulation of the partition functions of those theories |3I], which is given 
to all orders in the 1/N expansion by an Airy function dependent on two parameters (one of 
which was found explicitly for all A/" = 4 circular quivers in [32] )• Our expectation is that in the 
alternating CS level case, the simple Wilson loops will be in representations of U{Ni\Nj^i), with 
a vanishing level U{Ni + A'/+ 2 | 2 A'/+i), with two vanishing levels U{Ni + 2 A’/+ 2 | 2 A'/+i + A/+ 3 ), 
etc. Note though, that in the case considered in Section |2]31 the 1/2 BPS loops are simply in 
representations of U{Nj^i). In fact, it is not clear that the matrix model will see a distinction 
between the q loops we constructed in this paper and the p other 1/2 BPS loops preserving 
the set of supersymmetries invariant under SU{2)a- In fact, we would expect both type of 
operators to give simple observables in the matrix model. 

Another approach would be to try to derive the form of the Wilson loops by Higgsing part 
of the gauge groups and hnding the resulting operators as was done for the ABJM theory in 

[3D]- 

It would be interesting to also study the transformation of these loops under mirror sym¬ 
metry, where we would expect them to become vortex loop operators [31]. This was studied 
in other Sd theories in [35l [12]. Note also that in the case of the ABJM theory there were 1/3 
BPS vortices preserving 8 supercharges [31]. An analog Wilson loop was never found. Possibly 
a linear combination of two 1/2 BPS Wilson loops with different couplings (the analogs of ipi 
and should be considered the appropriate dual. 
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A Notation and conventions 


We consider the loop in Spinor indices are raised and lowered as 

-0“ = , e+" = -e+_ = 1, (A.l) 

and we employ the gamma matrix basis 

irTb = -a^}, (A.2) 

satisfying (with = 1). 

As in [22], we use the epsilon symbol to raise and lower the indices of the supersymmetry 
parameters via with = ei 2 = 1 for both over lined and underlined indices. 

In the main text, we shall always write the supersymmetry parameters with lowered indices. 
In this gamma matrix basis, the supersymmetry transformations are given by [22] 

(A.3a) 


=V2{lp)\qfj){^SAY 


V 2 si 


"^{^cbT Aqfi) 

^{^cbTQ{i) {'^{I+1))~A 
( 2^/2si 


a , ^q(I)A — 



/ 

^2^/2s/ 

ki=0 \ 

k 


-B 


Aqfi) 


fcz/o 




^7+1=0 

B 


ki+i^O 


\/ 2 si , 


“ '.,.0 “ 


^(V'(7))a — H ^ “ 5'(7 )bDp] 

- C\f2{^^-)a{(p{I+l))-Bq{I)c) 

\ / /cj_|_i=0 


fc/^0 


(A.3b) 


(A.3c) 


^7+17^0 
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SA(T),, — — 


i^ABni,)ab [Utlff-C4 


BA xfe \ 
/A^M.\b I 


{iA^°‘{'l^l)ah ^ (i(/f + (i(/-l))fe 


(A.3d) 


= 2l{icB)\y{jj)a - 5^Bl{icDnX{if)a , (A.3e) 

where for the hypermultiplet fields the label (/) indicates the link between the and (/ + 1)®* 
node and s/ = 1 for a hypermultiplet. The bracketed terms vanish unless the condition in the 
subscript is satished. To obtain the transformations for the twisted multiplets, we replace the 
overlined SU{2)a indices for underlined SU{2)b indices and choose sj = —1. 

The superconformal transformations of the helds are found by replacing —)■ 

with the exception of the fermions. The variation of the fermions with respect to the super¬ 
conformal supercharges are given by 

5{Y{i)aT = + ^q{i)V%A 

- {Ai))^cqfi) - qfi){hi)fc 

+ (V2x^{'yYl'^b{r]c£j’’{Lp(^i))—Aqfj)'] 

\ / kj =0 




fc/+i=0 


xf^iA^^TbivcBfq(l)i^^(l+l))-A 


ki+ij^O 


= \/2{lJ))abqfi)X^{lY^cri^-Y + V2qii)BV, 

+ (Ynfcqm - q{i)B{Ai)fc 


x^{lY‘'bV^-fq{i)c{hi-^)y 


- (V2x^YiY''bV'^-f{^(i+i))-Bq{i)c 


ki+i =0 


2 V 2 si 


x^{7Y''bV^-)\f^{i+i))-Bq(i)c 


(A.5) 


ki+l¥=0 
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B Derivation of the Killing spinor (1 5.171) 


In this appendix we work out the explicit expression for the Killing spinor associated to the 
hrst parameterization of the space employed in the main text, namely equations fIS.lip and 

dSH. 

The AdS part is standard. For example, for a time-like line the vielbeins can be chosen as 
follows 


e° = i? cosh M cosh p (it, = i? cosh m ctp, = Rdu , = Rsinhudcj), (B.l) 

and the relevant non-vanishing components of the spin connection are given by 

= sinh p (it, 0 ;°^ = sinh m cosh p (it, = sinhw ctp, = cosh u dcj), (B.2) 

The indices 0,1,..., 9, ^ are on the tangent space and in the following we denote them by the 
letters from the beginning of the Latin alphabet a,b,.... We can take the background 4-form 
held-strength to be proportional to the volume form of ^^54 

ii( 4 ) = K e° A A A = kR"^ cosh^ u cosh p sinh u dt A dp A du A d(j), (B.3) 

with K a constant to be determined. The Killing spinor equation is given by the variation of 
the gravitino and reads | 1 B] 

D,r, + ^ ,, = 0, (B.4) 

where + and 7 ^ = e^Ta (lower case 7 ’s are in the curved space, while upper case 

T’s are in the tangent space). Now we distinguish between the AdS and the sphere directions. 
Using the expression for the 4-form we arrive at 

tv 

= -- 7 ^r*p , p along AdS^ , 

tv 

D^r] = — 7 / 4 r*p, p along 5^, (B.5) 

with T* = roi 23 - To find the solution it is useful to use the following identities. If [X, Y] = 2Z 
and [X, Z\ = —2Y then 

e¥^Y = {cos9Y+ smeZ)e^^^ . (B. 6 ) 

If, on the other hand, [X, Y] = ±2Z and [X, Z] = ±2K then 

= (cosher ± sinh(B.7) 
The ^^54 part of the Killing spinor is given by 

gfr2r*gfrir*g|ror*gfr23^^^ (B. 8 ) 
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It can be readily checked that it must he k = —3/R. 

On the other hand, the vielbeins for the 7-sphere (15.111) are given by 

= 2R da , 

=—RcosadOi, =—Rcosa {2dx + cos9id(l)i) , = i? cos a sin , 

= R sin a dd 2 , = Rsina {2dv + cos 62 d(j) 2 ) , = —R sin a sin 62 d(j )2 , 

(B.9) 


and the non-vanishing components of the spin connection are 

= I sin a d9i, oj^'^ = sin a {dx -f | cos 6*1 dcf)^ , = — | sin a sin 6*1 d(j)i, 

i cos a d92 , = — cos a {dv + \ cos 02 (i 02 ) , | cos a sin 02 d<p 2 , 

= — I sin 01 d(j)i , = dx — \ cos 0 i = |(i 0 i, 

CJ®® = — I Sin02 002 , CJ^® = 0n — I cos 02 002 , = |002 . (B.IO) 

The Killing spinor equations for the sphere components are 
dar] = -^r4r*?7, 

^010 = ^(sinQ!r45-hr67 + cosar 5 r*)? 7 , 
dxV = ^(sinQ!r46-Fr57-Fcosar6r*)?7, 

^010 = ^sina (cos 01 r64 — sin 0 i r 74 ) -|- sin 0 i Tsg -|- cos 0 i r 57 

— cos a (cos 01 TeT* — sin 0 i T 7 r*) j rj , 

0020 = (cosar84 + Tg# -F sinaTsT*) 77 , 

dyT ] = (cosQ!r94 -h Tg# sinaTgr*) ?7, 

0020 = “ cos a (cos 02 r 49 — sin 02 r 4 ^) -|- sin 02 Tgg -|- cos 02 Tg^ 

-I- sin a (cos 02 r 9 r* — sin 02 T^T*) ^ 77 . (B-ll) 

With a little bit of algebra it can be checked that 77 = T 770 , with T given by fl5.17p . is indeed 
a solution of these equations. 
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